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ABSTRACT 

We examine the question of when a finite-to-one factor map 0 : ~A ~ S, 

from a shift of finite type onto a sofic shift, can be decomposed as a left 

closing map  (onto a shift of finite type) followed by a right closing map  

(or vice versa). We give a finite procedure for deciding this question. In 

general, we show that  there are finitely many such decompositions, up 

to conjuga~y. If the degree of 0 is one, then there is at most one such 

decomposition. 

1. I n t r o d u c t i o n  

The structure of factor maps between shifts of finite type and sofic shifts is not 

very well understood at present. For example, given a finite-to-one factor map 

0: EA --+ S, from an irreducible shift of finite type onto a sofic shift, it is not 

known how to decide whether 0 can be written as a composition of factor maps, 

~'A ~ ~BI  -~ "'" --+ ~Bn "-'+ S, each of which is right or left closing, and such 

that the intermediate shifts are of finite type (see [BMT] for definitions). Not all 

factor maps can be decomposed in this way: B. Kitchens has given examples of 

maps which cannot be decomposed into closing maps (see [K] or [KMT, Section 

3]). But for an arbitrary map 0, the decision problem is open. In general, it 

is not known whether the number of conjugacy classes of decompositions of a 

finite-to-one factor map (without any closing assumptions on the intermediate 

maps) must always be finite. 
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In this paper, we examine a special case of the first problem: whether a given 

finite-to-one factor map 0: ~A --+ S decomposes into a left closing map (onto a 

shift of finite type) followed by a right closing map (or vice versa). We give a 

finite procedure for finding all such decompositions (Theorem 5.4). In general, we 

show that there are only finitely many conjugacy classes of such decompositions 

(Corollary 4.9). If the degree of 0 is one, then any two such decompositions are 

conjugate, and the second map is the induced right closing cover (or left closing 

cover), defined by Nasu [N]. If the degree of 0 is greater than one, then the second 

map is a conjugate to one of a finite collection of maps, which are generalizations 

of the induced right (or left) closing covers, and which are determined by the 

map 0 (Theorem 4.7). 

In proving Theorem 5.4, we give a finite procedure for the following problem: 

given a factor map O: ~ A  ~ S (not necessarily finite-to-one) and a finite-to-one 

factor map 7r: EB --+ S, find all continuous, shift-commuting maps p: ~A ~ ~B 

such that rrp = 0 (see Corollary 5.3). 

In Section 3, we introduce generalizations of the induced right closing cover 

and left closing cover, for maps of degree greater than one (Definition 3.5). These 

involve the notion of a congruence partition P,  and its induced right closing cover 

7r~(0,p): ER(0,v) ~ S. For maps of degree one, this cover is just Nasu's induced 

right closing cover. 

ACKNOWLEDGEMENT: I wish to thank the referee for several helpful sugges- 

tions. 

2. Background 

We assume that the reader has some familiarity with symbolic dynamics. For 

further backround, see [BMT], [AM] or [W]. 
A shift of finite type is defined by a non-negative, integral matrix A. If A is 

n • n, A defines a directed graph G(A) on n vertices (or states), with Ai,j edges 

from state i to state j .  We denote the set of edges of G(A) by CA and the set of 

states of G(A) by SA. Elements of CA are called symbols .  If e 6 CA, we denote 

the initial state of e by t(e) and the terminal state of e by r(e).  The shi f t  of  

f in i te  t y p e  EA is defined by EA = {x 6 s z] r (x i )  = L(Zi+X) for all all i 6 Z}. 

An A-word  is any finite word x = Xl �9 .. xk which appears in some x C EA. We 

say that x beg ins  a t  i if L(xl) = i, and write ~(x) = i; similarly, we say that  
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e n d s  a t  j if T(Xk) = j ,  and write T(X) = j .  

We define an equivalence relation on SA by i ~ j if there exist directed paths 

in G(A) from i to j and from j to i. For each equivalence class E,  the subgraph of 

G(A) induced by restricting to E is called an i r r e d u c i b l e  c o m p o n e n t  of G(A) 

[AM, Prop. 3.22]. Let C denote the transition matr ix  of a component. The shift 

of finite type E c  is called an i r r e d u c i b l e  c o m p o n e n t  of EA. Since G(A) is 

finite, there are only finitely many irreducible components. If there is just one 

component, we say that  ~A is i r r educ ib l e .  For the remainder of this paper, 

except in Section 5, we will assume that  all shifts of finite type are irreducible. 

If X is any symbolic dynamical system, the sh i f t  is the homeomorphism 

a: X --+ X,  defined by (a(x))i = xi+l.  A f a c t o r  m a p  is a continuous, shift- 

commuting map from one symbolic dynamical system onto another. If the map 

is a homeomorphism, it is a t o p o l o g i c a l  c o n j u g a c y .  A symbolic dynamical 

system S is called a sofic sh i f t  if it is the image of a factor map ~: ~'A -'+ S, for 

some shift of finite type EA. The symbols of S are denoted Cs. An S - w o r d  is 

any finite word w = wl " �9 wk which appears in some point in S. We say that  w 

is a l lowed.  The fo l lower  se t  of w, denoted F(w) ,  is the set of S-words u such 

that  wu is allowed. 

A factor map ~: ZA --+ S is a 2N + 1-block m a p  if there exists a map 

~: E 2N+1 -+ Es, for some non-negative integer N, such that  for all x C EA, we 

have O(x)i = ~(Xi-N'" "Xi+g) for all i E Z. By [He, Theorem 3.4], any factor 

map has such a representation, for some N. We let ~ denote both the factor map 

and the map ~ on finite words. Up to topological conjugacy of the domain, any 

factor map ~ can be assumed to be a one-block map [KMT, p. 86]. A one-block 

map 0 defines a labelling of the graph G(A), where e c ~A is labelled 0(e). If 

x = x l . . . x k  is an A -word, then 0(x) is the S-word 0(Xl) . . .0 (xk) .  If w and 

v are S-words and wv is allowed, we write ab E O-l(wv) if a and b are A-words 

such that  ab is allowed, 0(a) = w and 0(b) = v. 

If 0: EA -+ EB is a factor map between shifts of finite type, we define the 

i n d u c e d  m a p  on  s t a t e s  ~: SA --* SB by ~(i) = j if there exist e C s f C SB, 

with ~ ( e ) =  i and L(f) = j ,  such that  ~(e) = f .  

A factor map 0: ~'A ~ S is f i n i t e - t o - o n e  if there exists N E Z + such that  

# 0 - 1 ( y )  < N for all y E S (where # denotes the cardinality of a set). It  is 

known that  0 is finite-to-one if and only if h(EA) = h(S), where h denotes the 

topological entropy [CP2, Corollary 4.4]. 
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A one-block factor map 0: EA ---* S is r igh t  reso lv ing  if the following condition 

holds: if el 6 CA, f l  6 s 0(el) = f l  and f l f 2  is an allowed S-word, then there 

exists at most one e2 6 ~A such that ele2 is allowed and 0(e2) = f2. If S is a shift 

of finite type, then the words at mos t  one can be replaced by a unique [BMT, 

p.8]. The definition of left  reso lv ing  is similar, the condition being 0(e2) = f2 

and f l f 2  allowed implies there exists at most one el such that ele2 is allowed 

and 0(el) = f l .  

A factor map 8: EA ~ S is r igh t  closing if 8 does not identify any two distinct 

points x and y with the property that there exists N 6 Z such that xi = yi for 

all i _< N. The definition of lef t  closing is similar: simply replace i _< N with 

i >_ N. Any right or left closing map is finite-to-one [BMT, Prop. 2.2]. 

Two factor maps 01:~A1 ""4 S and 82:~A2 ~ S are c o n j u g a t e  if there exists 

a topological conjugacy/3:~A1 ~ ZA2 such that 82 = 01/3. A d e c o m p o s i t i o n  

of 0: EA ~ S is a pair of factor maps r ~A "'> ~B and 7: EB ~ S, where ~B 

is some shift of finite type, such that 0 = 7r Two decompositions r 

~B1, 7 1 : ~ B 1  -'+ S and r ~ ~B2, '72:~B2 ""+ S of 01 = ~'1r and 02 ---- 

72r respectively, are c o n j u g a t e  if there exist topological conjugacies ~: EA1 --* 

~A2 and e: ~B1 ' +  ~B2 which makes the following diagram commute. 

~A1 6 * ~A2 

~"~' B 1 e * ~'~B2 

\ /  
S 

We next recall the definitions of the degree of a factor map and magic words. 

Defini t ion 2.1: Let ~A be an irreducible shift of finite type, S and a sofic shift 

and 0: ~A ---4 S a finite- to-one one-block factor map. The d e g r e e  of 0, denoted 

deg(8), is defined by 

{ word } 
inf inf # a x l . . . x , ~ 6 0 - l ( y l . , . y n )  �9 

deg(O) = Y~"Y~ 1 < i < n 
an S-word with Xi = a 

An S-word m l . . .  m,~ for which the infimum occurs is called a mag ic  w o r d  

for O, and the symbol ms, 1 < s < n, at which the infimum occurs is called a 

mag ic  c o o r d i n a t e .  
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The degree of any finite-to-one factor map 0: EA --* S can be defined to be 

the degree of any recoding of # to a one-block map (which is independent of the 

recoding). 

Definition 2.2: For a given finite-to-one one-block factor map 0 and magic word 

m, with magic coordinate ms, we define S(8, m) = {a E $A] there exists a E 

0-1(m)  with a~ = a}. By definition, deg(O) = #S (O , m) .  

If umv  is an S-word, then it is clear that umv  is a magic word for 0, with 

magic coordinate m~, and that S(O, umv)  = S(O, m).  

The following Lemma is essentially contained in [CP1]. 

LEMMA 2.3: Let EA be an irreducible shift of  finite type, S a sofc  shift and 

O: EA --* S a finite-to-one, one-block factor map. Let m be a magic word for 

O, with magic coordinate ms. Let w be an S-word such that m w m  is allowed. 

Then for each a E S(8, m), there exists an A-word abc E 0-1(mwm) such that 

t i f  and only i f  c~ a~ = a. I f  abc, a'bl c I E O - l ( m w m ) ,  then a~ = a~ = %. 

Proof" The proof of Lemma 2.3 is quite similar to the proof of [KMT, Lemma 

2.4 (2), p. 93], to which we refer the reader for details. The proof in [KMT] 

assumes that  m is a magic symbol, i.e. a magic word of length 1; however, it is 

not difficult to modify the details of that proof to establish Lemma 2.3. I 

By Lemma 2.3, for each a E S(0, m), there exists a unique a ~ E S(0, m) such 

that if abc E O - l ( m w m )  with a8 = c~, then c8 = a ~. 

Definition 2.4: Let 0 and m be as in Lemma 2.3. We define a mapping 

Fmwm . e  " S(O, m)  --, S(O, m)  by F ~ m ( a  ) = a t, where a ~ is the unique element of 

S(O, m) corresponding to a E S(0, m), whose existence is guaranteed by Lemma 

2.3. 

If there is only one map 0 being considered, we omit the superscript 0 and 

write o Fm~,~ = Fm~m. By Lemma 2.3, F ,~ ,~  is injective, and therefore it is a 

bijection. 

The following lemma is easy to show, using Lemma 2.3. The proof is omitted. 

LEMMA 2.5: lrfW and v are S-words such that m w m  and m v m  are allowed, then 
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LEMMA 2.6: I f  w is an S-word such that mwrn is allowed, then there is an 

S-word ffl such that m~rn  is allowed, and Fm~m = -1 r r t 2 w ~  �9 

Proofi Since, by Lemma 2.5, {Fm~,n[ m w m  is allowed} is a subset of the sym- 

metric group on S(O, m) which is closed under products, the result follows by 

elementary group theory. | 

It follows from Lemmas 2.5 and 2.6 that {Fm~m[ m w m  is allowed} forms a 

subgroup of the symmetric group on S(O, m). This group has been studied in a 

number of other contexts; for example, see [S]. 

The following two lemmas are well-known in symbolic dynamics. 

LEMMA 2.7: Let ~"A and ~B be irreducible shifts of finite type, S a sofic shift 

and let r ~A "~ ~B and 7: ~B "-* S be finite-to-one factor maps. Let O = "yr 

Then deg(0) = deg(7) deg(r 

Proof." Let z E S be a bilaterally transitive point. Then by [CP1, Theorems 

6.4 and 6.9], z has exactly deg('~) preimages under % each of which is bilaterally 

transitive. Again, by [CP1, Theorem 6.4], each of these preimages has exactly 

deg(r preimages under r Since z has exactly deg(0) preimages under 0, it 

follows that  deg(0) = deg('y)deg(r | 

In Lemmas 2.8, 2.9 and 2.11, and Definition 2.10, we assume that GA and GB 

are irreducible shifts of finite type, S is a sofic shift and that r )-~A ~ ~ B  and 

"r: ZB ~ S are finite-to-one, one-block factor maps. Let 0 = "re. Let m be a 

magic word for 0, with magic coordinate ms. 

LEMMA 2.8: The word m is magic for % with magic coordinate ms. I f  n E 

~ - l ( m ) ,  then n is a magic word for r with magic coordinate ns. 

Proof'. Let Y = {a] there exists b E ~/-l(m) with bs = a}. Then # Y  > deg('~), 

by the minimality condition in the definition of degree. For each a E Y, choose 

b ~ E "r- l (m) such that  b~ = a. We may assume that  n is one of the b ~. 

For each b ~, let Z ~ -- {a'[ there exists a E r with as = a '}.  Clearly, 

the sets Z ~ are disjoint, Z ~ C_ S(O, m) and # Z  ~ _> deg(r for each a. Since 

U~eY Z~ C S(O, m), we have # U~ev Z~ <- # s ( o ,  m) = deg(0). On the other 

hand, # U~ey Z~ -> #Y(deg(r  > deg(?) deg(r = deg(0) (by Lemma 2.7). It 

follows that  # Y  = deg('r), and so m is magic for % and has magic coordinate 
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m,.  Similarly, # Z  ~ = deg(r for each a,  so n is magic for r with magic 

coordinate ns. | 

I t  follows from Lemma 2.8 that  S(7, m) can be defined as in Definition 2.4. 

LEMMA 2.9: The map A~: S(O,m) -+ S ( v , m )  defined by Ar = r  is 

surjective. Ifdeg(r = 1, then Ar is a bijection. 

Proof: If a E S(O,m), then there exists ~ E 8-1(m)  with ~, = a.  Then 

a = r E "y-i(m) and r  = r  = a~ E S(%m). So Ar maps  S(8,m) 

into S(7, m).  To see that  Ar is surjective, let a E S(% m). Then there exists 

a e "~-l(m) such that  a ,  = a. Let ~ e r  so that  fi �9 8-1(m).  Since 

~z, �9 S(O,m) and r = a,  = a,  it follows that  Ar is surjective. Finally, 

suppose that  deg(r = 1. Since # S ( %  m) = deg(7) and #S(O,m) = deg(8) = 

deg(v)deg(r = deg(7), by Lemma 2.7, it follows that  A~ is injective. | 

Definition 2.10: I f P  is a parti t ion of S(7, m),  then AC~(P) = {Acl (P) I  P e P}  

is a parti t ion of S(8, m). If P is the parti t ion of S(0', m) into singleton sets, then 

A~I( 'P) is called the p a r t i t i o n  i n d u c e d  b y  "yr 

Clearly, a and a '  are in the same part i t ion element of Ac l (T  ') if and only 

if r  = r  It  is not hard to see that  for each P E Ar we have 

# P  = deg(r and that  the number of parti t ion elements equals deg(7). 

LEMMA 2.1 1: Let w be an S-word such that  mwm is allowed. Then the following 

diagram commutes. 

Proof: Let c~ E S(O,m). By Lemma 2.3, there is a word ~b~ E O-l(mwm) 

such that  g8 = a. Then F~ = c8. Let r = r so that  

abe e 7 - 1 ( m w m ) ,  since 0 = 7r Then a~ e S(%m) and I '~,~m(as) = c8. 

Therefore Ar = r = c~, while r~m(A~(~)) = r~m(r = 

F~m~,~(as) = c8, and so the above diagram commutes. | 

I f  ~: ~ A  -"+ S and 01:EA1 -+ S are conjugate one-block factor maps,  we 

would like to define an equivalence between partitions of S(0, m) and partitions 

of S(S1, m). One problem with this is that  words which are magic for ~ are not 
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necessarily magic for 81. To resolve this problem, choose a magic word m for 

O, with magic coordinate m,.  Now choose a left infinite ray *-u . . . .  u3u2ul  

and a right infinite ray v'-* = vlv2va . . . ,  both of which contain infinitely many 

occurences of m, and such that *--umv--* is an allowed E-word. If u = u j  �9 . .  Ul 

and v = V l ' " V k  are initial segments of ~-u and v -~, respectively, we define an 

e x t e n s i o n  of u m v  to be a word of the form uj  . . . .  u l m v l  . .  "Vk,, where j '  > j 

and k' > k. Now, by going to higher block presentations, there is a shift of 

finite type P'~i and one-block conjugacies fl: P~i --+ P'A and/31: ~ i  -+ P'A1 such 

that 0/3 = 01/31 = 0. If we choose an extension u m v  of m, such that u begins 

with m and v ends with m, then any preimage of u w v  under 0 will contain one 

of deg(8) mutually separated words between the coordinates corresponding to 

ms in the first and last occurences of m in u m v  (by Lemma 2.3). Since/3 is a 

conjugacy, it follows that  if u and v are sufficiently long then rh = u m v  is a 

magic word for 0, with magic coordinate ms. By Lemma 2.8, rh is magic for 

8 and 01, with magic coordinate ms. Clearly, S(O, ~ )  = S(O, ra), and we may 

define A/~: S ( 0 , ~ )  --+ S(O,(n)  = S ( O , m )  and A/31: S(0, rh) --+ S(01,m), which 

are bijections, by Lemma 2.9. Also, if 02:P'A2 --+ S is another one-block factor 

map which is conjugate to 0, then we can choose a still longer extension rh which 

is a magic word for 01 and 02. We can now make the following definition. 

Def in i t ion  2.12: Let 01:~A1 -'+ S and 02:~A2 -'+ S be finite-to-one, one-block 

factor maps, both of which are conjugate to 8, and let rh be an extension of 

m which is magic for 81 and 02. If :Pl and Pa are partitions of S(81, rh) and 

S(02,  ~ ) ,  respectively, we say that P l  is equ iva l en t  to :P2 if there is a shift of 

finite type P~ and one-block conjugacies/31: g~i --+ P,A, and ~32: P'~i --~ P'A2, such 

that 01/31 = 02~32 = 0, and an extension rh of ~ which is magic for 0, such that  

A ; t l ( • l )  ---- Af l : (P2 ) .  

This definition is easily seen to give an equivalence relation on partitions of sets 

of the form S(01, ~ ) ,  where O1 is a one-block factor map which is conjugate to 

0 and rh is an extension of ra which is magic for 01. We denote the equivalence 

class of a partit ion by [P]. When the meaning is clear, we will use the term 

par t i t ion  to refer to an equivalence class of partitions. 

LEMMA 2.13: L e t  01:P~A1 --+ S be a one-block  fac tor  m a p  which is con jugate  

to O, rh an ex tens ion  o f  m which is mag ic  for 0 and  01, and  P l  a par t i t i on  o f  

S(01, ~ ) .  There exis ts  a par t i t ion  P o f  S ( O , rh ) which is equivalent  to P l  . 
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Proof." Just set 7 ~ = AzA~/(Pl), where ~ and ~1 are as in the remarks preceding 

Definition 2.12. | 

It follows from Lemma 2.13 that there are only finitely many equivalence classes 

of partitions of sets of the form S(O1, rn), since any partition of S(01, rh) is equiv- 

alent to a partition of S(0, m), and there are only finitely many partitions of the 

finite set S(O, m). 

From now on we will make the standing assumption that a magic word for a 

factor map 01:~A1 -'+ S,  conjugate to a given factor map 0, is an extension of 

the fixed magic word m for O. We next show that conjugate decompositions of O 

induce equivalent partitions. 

PROPOSITION 2.14: Let r --* EBI, "Yl: EB, --~ S, 02:EA2 -'~ EB2 and 

"Y2:EB2 --+ S be finite-to-one, one-block factor maps, and suppose that "hr and 

")'2r a r e  conjugate decompositions of O. Let 01 = "/1r and 02 = "~2r and let 

m be a magic word for 81 and 02. Let 7)1 be the partition induced by "hr and 

7)2 the partition induced by 72r Then Pt and ;o2 are equivalent partitions. 

Proof: Since 71r and "/2r are conjugate decompositions, it follows by the 

remarks preceding Definition 2.12 that there is a topological conjuacy e: EB1 

EB2, a shift of finite type Z~i and one-block conjugacies ill: Z~ ~ ~ A t  and 

~2: ~.~ ~ ~'A2 which make the following diagram commute. 

~A 

/ 
~AI ~A2 

\ /  
S 

The proof now proceeds by diagram chasing. Let 0 : 71r : 72r  By 

the remarks preceeding Definition 2.12, there is an extension rh of m which is 

magic for 0. To simplify notation, let us denote rh by m. Let A~I: S(0, m) 

S(01, m) and AO2: S(O, m) ~ S(82, m) be the bijections given by Lemma 2.9. We 

claim that A~:(;Ol) -- A~:(~o2) , which will prove the proposition. To see the 
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claim, observe that if (~ and cd are in the same partition element of A~I x (7)1), then 

81 (a) and ~1(~') are in the same partition element of Pl ,  by definition of Afh , and 

so r = r by definition of P1. We assume that e is a 2N + 1-block 

map, so that (e(x))i = e (x i -N . . .X i+N) ,  for x E ~S~. Choose an extension umv 

of m, where u and v each have length N. Then umv is magic for 0, with magic 

coordinate ms. By Lemma 2.8, umv is magic for 3'1, with magic coordinate ms, so 

we may choose abc E 711(umv)  such that bs = r = r By Lemma 

2.8, abc is magic for r so we may choose de f  and d'e ' f '  e (r 

' cd. By the commutativity of the diagram above, such that  es = a a n d e  s = 

r = er  = e(abc) = er = r It follows that 
e t O/t r  r  r  Therefore = = = r ). f~2(a) and Z2(a') are 

in the same partition element of 7)2, and so ~ and cd are in the same partition 

element of A~(7~2). This shows that  A~11(/)1) is a finer partition than A~1(7~2). 

A similar argument shows that A~I(p2) is finer than A~1(7)1), so A~X(Pl) = 

A~:(P2). This proves the claim, from which the proposition follows. | 

In Theorem 4.8, we will prove the converse to this result. 

Now, if r ~A --~ ~B and 7: P~B --* S and 0 = "~r where r and 7 are 

not necessarily one-block maps, we can define the partition induced by 7r  to 

be the equivalence class [:P] of the partition :P induced by the decomposition 

r ~A ~ Z~, ~: ED ~ S, where ~ and r are any recodings of 7 and r to one- 

block maps. By Proposition 2.14, this definition is independent of the recodings. 

3. Congruence partitions 

In this section, we define the concept of a congruence partit ion for a factor map 8, 

and the right closing cover of S induced by the partition. This is a generalization 

of Nasu's induced right closing cover [N, p. 572]. 

In what follows, we assume that  ~A is an irreducible shift of finite type, S a 

sofic shift and that  8: EA -~ S is a finite-to-one, one-block factor map. 

De~nition 3.1: Let m be a magic word for 8, with magic coordinate ms. A 

par t i t ion/~  of S(8, m) is a 8 - c o n g r u e n c e  p a r t i t i o n  if for every P E P and 

S-word w such that m w m  is allowed, Fmwm(P) -- P '  for some P '  E/~. 

The term "congruence" is borrowed from automata theory. When there is 

just one map 8 being considered, we will omit the prefix 8 and call P simply a 

congruence partition. It can be shown, using Lemma 2.11, that  if two partitions 
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are equivalent, then one is a congruence parti t ion if and only if the other is. 

It  is easy to see that  the parti t ion of S(9, m) into singleton sets and the trivial 

parti t ion consisting of the entire set S(O, m) are always congruence partitions. It  

follows from Definition 3.1 that  if P, P '  E 5 ~ then # P  = # P ' .  The connection 

between congruence partit ions and decompositions of factor maps is explained 

by the following lemma and definition. 

LEMMA 3.2: Let ~m and EB be irreducible shifts of  finite type, S a sofic shift, 

and suppose that r EA -~ EB and 7: EB --* S are one-block factor maps. Let 

O -- "/r and suppose that m is a magic word for 8, with magic coordinate m~. 

Let 50 be a partition of  S ( % m )  and let 7 5 = A~1(50), as in Definition 2.10. I f  

50 is a "/-congruence partition then 7 5 is a P-congruence partition. I f  deg(r = 1, 

then the converse holds. 

Proof: Let w be an S-word such that  m w m  is allowed. If P E P and P = 

A~I(P) ,  then it follows from Lemma 2.11 and the fact that  FT.wm and F~w m 

are invertible, that  0 - 0 - 1 F,~w,,~(P) = a c l ( r ~ m ( P ) ) .  If P is a r, , ,  . . . . .  ( a  m ( P ) )  = 
0 "/-congruence partition, then r~wm(P) e P, so r . . . .  (P) E 7 5. Therefore 75 is 

a 0-congruence partition, To see the last statement,  assume that  deg(r = 1 

and that  75 is a 0-congruence partition. Then P~ ...... (t5) = Aa l (p , ) ,  for some 

P '  C 50. So A ~ I ( F ~ , ~ ( P ) )  = A~I (P ' ) .  Since A m is invertible, by Lemma 2.9, 

we have rYmwm(P) = P'  ~ P. Therefore 5 ~ is a 7-congruence partition. I 

Since the parti t ion of S(7, m) into singleton sets is a 7-congruence partition, 

it follows from Lemma 3.2 that  the parti t ion induced by 7r is a P-congruence 

parti t ion (see Definition 2.10). 

We next define a collection of directed graphs and covers of S induced by the 

collection of P-congruence partitions. 

Definition 3.3: [KMT, p. 100]. Let 0: EA -~ S be a finite-to-one, one-block 

factor map from an irreducible shift of finite type onto a sofic shift, and assume 

that  A is n x n. Let m be a magic word for 8, with magic coordinate m, .  

Let P C_ S(O, m).  For any S-word w = mv beginning with m, define a vector 

l(6 w'P) E Z '~ by 

1 if there exists ab E 8 -1 (rnv), 

(l~W'P)))i = ending at i, such that  a~ E P 

0 otherwise. 
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(~',P) Z~ For any S-word w ~ = vm  ending with m, define a vector r e E by 

1 if there exists ab E O-l(vm),  
(r~W"P)))i -~ beginning at i, such that b8 E P 

0 otherwise. 

When there is just one map 0 being considered, we omit the subscipt 0 and write 
l ( w ' P )  = l~ w'P) and r ( w ' ' P )  l ( w " P )  

If 7) is a congruence partition, and P, P~ E P,  then the set of vectors of the 

form l (w'P) coincides with the set of vectors of the form l (w''p') (see Lemma 6.2). 

Detinition 3.4: Let 7 ) be a 0-congruence partition and P E 7 ). We define a 

labelled directed graph with transition matrix R(~, 7)) as follows. The states of 

G(R(O, 7))) consist of all vectors of the form l (w,P), where w begins with m. For 

each S-symbol a such that wa is allowed, there is an edge e from 1 (w,p) to l (wa,P) 

labelled a. Similarly, we define a labelled directed graph with transition matrix 

L(0, 7)), whose states consist of all vectors of the f o r m  r (w''P), where w' ends with 

m. For each S-symbol a such that aw is allowed, there is an edge from l (aw,p) 

t o  /(w,P) labelled a. 

In Section 6, we prove that the graphs G(R(O,7))) and L(R(0,7)))  do not 

depend on the choice of P E 7) (Proposition 6.3). Also, if we choose an extension 

vh of m, then G(R(O, 7))) is the same labelled graph whether it is defined using 

m or ~ (Proposition 6.4). The same holds for G(L(O, 7))). In Proposition 6.5, 

we show that the shifts of finite type ZR(e,p) and ZL(0,~,) are irreducible. For a 

given map 0, there are finitely many graphs G(R(O, 7))), since there are finitely 

many 0-congruence partitions. 

DeIinition 3.5: The labelling of the edges of G(R(O,7))) defines a one-block 

factor map rr(0,~,): ZR(e,p) ~ S. It is easy to check that ~r~(0,p ) is right resolving. 

We call ~rr(o,p): ZR(e,p) ~ S the r igh t  closing cover  of  S i n d u c e d  by  t h e  

p a r t i t i o n  7 ). Similarly, there is a left resolving map ~(e,p): ZL(O,P) ~ S, which 

we call the lef t  c losing cove r  i n d u c e d  by  t h e  p a r t i t i o n  7). 

The maps r~(o,p) and rt(0,~,) do not depend on the choice of P E 7) in the 

definitions of G(R(8, 7))) and L(R(O, 7))) (see the remark following Proposition 

6.3). If 7) is the partition of S(O,m) into singleton sets, then r0: ZR(e,p) --* S is 

Nasu's induced right closing cover, restricted to a component of maximal entropy 

[N]. 
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Our next goal is to show that  equivalent partit ions induce conjugate right 

closing covers (Corollary 3.9). In what follows, we will prove several results 

concerning the covers r~(o,p). For each of these results, there is a corresponding 

result concerning the covers rl(o,p), whose statement and proof should be evident 

to the reader, and which we omit. 

In Lemmas 3.6 - 3.8, we assume that  ~A and P~i are irreducible shifts of finite 

type, S a sofic shift, and that  /3: P'/i ~ ~A and 0: ~A ""* S are finite-to-one, 

one-block factor maps. Let 0 = 0/3. Assume that  m is a magic word for 0, with 

magic coordinate m~. Let P be a 0-congruence parti t ion for m. Let 73 = A~I(P) ,  

which is a 0-congruence parti t ion by Lemma 3.2. Let P �9 ;o a n d / 5  = A~l (p ) .  

LEMMA 3.6: Let w and v be S-words that begin with m. Ifl~ ~'p) = 1 (y'p) then 

P r o o f  Assume that  = Suppose that  = 1. Then  there 

is an A-word a �9 0-~(w) ending at i, with a �9 P. Choose a �9 so that  

a~ � 9  and suppose that  ~ ends at j .  Since a �9 0-1(w),  we have (l('~'P))j = 1. 

Since l(o w'p) = i (y'p) -0 , we have (l("P))j = 1, so there is an A-word b �9 0-X(v) 

ending at j ,  with b~ �9 7 3. Let b = r Then b ends at i, b �9 0-1(v) and b~ �9 P.  

Therefore (l~V'P))i = 1. A similar argument shows that  if (l~V'P))i = 1 then 

( l~'P))i  = 1. Therefore l~ ~'P) = l~ ~'P). | 

LEMMA 3.7: There is a right resolving factor map v~: ER(0,75 ) --. ER(o,p) such 

that %(~,~) = ~rr(0,~,)u ~. 

Proof'. 
= 

observe that  for any 

{e �9 ER(O, )I = 

in each of these sets 

For w an S-word beginning with m, define 1)~: Sn(O,#) ~ ,-qR(0,p) by 

It  follows from Lemma 3.6 that  t)Z is well-defined. We 

l(-~'P) there is a one-to-one correspondence u~ between 0 

l (~'P)} and {f  e s t ( f )  = l~ 'P)} ,  since the edges 

correspond in a one-to-one fashion with the distinct S- 

- l (-~a'p) labelled a, define symbols a E ~'(w). If e is the unique edge from l~ w'P) to -0 
= l@aa, P) u~(e) f ,  where f is the unique edge from l~ w'P) to ~ labelled a. It  is easy 

to see that  ur defines a right resolving factor map P~R(~,#) ~ Pq~(o,~,) and that  

We call ur the f a c t o r  m a p  i n d u c e d  b y  /3. It  can be shown, using Lemmas 

6.1, 6.2 and 2.11, that  the map u~ does not depend on the choice of P E P.  Tha t  
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is, if Q �9 79 and Q = A~I(Q), then 1 (~'0) --* l (~'Q) defines the same map v~. 

By Proposition 6.4, the map vfl is unchanged if ~(O,p) and ~a(~,~,) are defined 

using an extension rh of m. 

PROPOSITION 3.8:If~3 is a conjugacy, then v~ is a conjugacy. 

Proof." Assume/~ is a conjugacy. Then there is a positive integer N such that  

if X l ' " X 2 N  and x'l . . .  X~N are A-words and ~ ( X l " "  X2N) = B ( x ~ . . .  X'2g), then 

XN = X'N. We claim that  if U l " " U 2 N  and u' l . . .U'2g are R(8,75)-words such 

that  v~ (Ul . . .  U2N) = v Z ( u ' l ' "  U'2N ) then T(U2N ) ~- T(U~N ). This will show 

that vZ is a conjugacy, since if vZ(u) = v~(u'),  then T(Ui) = T(U~) for all i, and 

therefore u = u' since vZ is right resolving. To show the claim, suppose that  

V / ~ ( U l . . . ~ 2 N  ) - -  V/3(U~. .  , . . . .  ~w �9 u2 N) zl  "Z2N. Let ~(ul) l 'p) and e(u~) = 

l ( ' 'P).  Then l ~ ' P ) =  ~z(l (~'P)) = zg/~(/(''p)) = l~ ' 'P).  If Z l ' " z 2 g  is the 

unique path in G(R(8,79))  from l~ w'p) = l (v'p) to l~ ~ ' ' ' 'a2~'P)  = 1 (va~'''~2~'P) 

labelled a l . . ' a 2 N ,  then u l . ' . u 2 1 v  is the unique path in G(R(O, P)) from l (w'p) 

to -o/(Y~'"'~2~'P) labelled a l ' " a 2 g ,  and U~l . . .  U'2N is the unique path from l(~ ~'p) 

to l (~a~'''a2~'p) labelled al " ' a 2 N ,  by definition of v~. So T('U2N ) = l (-wal .... 2N,P) ~8 "8 

and T(U~2N) = 1 (va~ . . . .  2N,P). TO show these are the same, let i �9 SA, and 

suppose that (l(Wa~~2~'P))i = 1. Then there is an fi~-word f iXl" 'X2N �9 

~ - l ( w a l ' "  a2g),  ending at i, with Ps �9 /5 Let ~(pXl .... x2g)  = PY l" ' 'Y2N.  

Then p~ �9 P. Let T(p) = j .  Since p �9 8 -1 (w) ,  we have ( l~ 'P ) ) j  = 1. Since 
l~ w 'p )  = I (v,P) ~ , we have (l(oV'P))j = 1. So there is an A-word q �9 8-1(v), 

ending at j ,  with q~ �9 P. Therefore q Y l " " Y 2 N  is allowed. Let qX'l. . .X'2N �9 

~ - l ( q Y l  "'" Y2N). Since X l " ' ' X 2 N  and x' l" '"  X'2N are in ~ - 1 ( y l . . .  Y2N), it follows 

from the assumption on N that XN = x'  N. Therefore qx'l"" "X'NXN+I "" "X2N 

is an allowed A-word, ending at i, which is in O-l(va~ .. "a2N), with q~ �9 /5. 
( ~ . . . ~ , P )  Therefore (l~ )i = 1. A similar argument shows that if i is any 

(v~ . . .~ ,P)  (l(~a~ .... ~ state such that  (l~ )~ = 1, then ,_g 'P))~ = 1. Therefore 

T(U2N)  = l(wa~'"a~N'P) -= l(-vax . . . .  ~N,P) = T(U~2N). This proves the claim, which 
-8 "0 

completes the proof of the proposition. | 

COROLLARY 3.9: Let  81:~"A1 '-4 S and 82:~"A2 ~ S be conjugate one-block fac- 

tor maps, m a magic word for 81 and 82, and suppose that  791 is a 81-congruence 

parti t ion and 792 is a 82-congruence partit ion, and that  791 is equivalent to 
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P2. Then there is a topological conjuacy v: ER(o~,7~) --* ~'R(o~,7~) such that 

lrr(Ol,~h) = 7r~(o2,7~2)u. 

Proo~ Since 7)1 is equivalent to P2, there is a shift of finite type E~I and 

conjugacies ~1: EA --* ~-]A1 and ~2: E~I --* EA2 such that 01~1 = 82~2 = 0, and 

an extension ~ of m, such that A~ll(Pl) = A~(:P2) = :P. By Proposition 3.8, 

the maps v~l: ER(&# ) --* ER(0~,~) and v~2: ER(~,p) --* ER(02,~) are conjugacies. 

Let v = u~2u~ I. By Lemma 3.7, Ir~(02,p2)v = 7r~(02,p2)u~2v~ I = 7r~(~,~,)V~ll = 

7r~(01 ,~1 )" | 

We can now define the right closing cover induced by an equivalence class [P] of 

congruence partitions to be r~(0,p): ER(0,p) --~ S, where P is any representative. 

By Corollary 3.9, this is well-defined up to conjugacy of factor maps. 

By the remarks following Lemma 2.13, there are only finitely many equivalence 

classes of congruence partitions for a given map 8. It follows from Corollary 

3.9 that  there are only finitely many conjugacy classes of right closing covers 

lr~(0,~,): ER(0,~,) ~ S. 

4. De c omp os i t i ons  of  factor maps 

In this section, we present our main results concerning decompositions of finite- 

to-one factor maps. The results are stated assuming that  a given map 0 can be 

decomposed as a left closing map followed by a right closing map. For each such 

result, there is a companion result, which assumes a decomposition of 8 into a 

right closing map followed by a left closing map. The statements and proofs of 

these companion results should be clear to the reader. 

In Lemmas 4.1, 4.3, and Definition 4.2, we will assume that  EA and EB are 

irreducible shifts of finite type, S a sofic shift, that  r EA ~ EB is a left resolving 

factor map, 7: Eu ~ S is a right resolving factor map, and that  0 = 7r Let 

m be a magic word for 0, with magic coordinate ms, and let P be the partit ion 

induced by 7r Let P E P.  Since we will be dealing with a single map 0, we will 

write I (w'P) = l~ w'p). 

LEMMA 4.1: Let w be an S-word beginning with m, and suppose that (l(w'P))i = 

1. I f  j C $A, then (/(~,P))j = 1 i f  and only i r e ( i )  = r  

Proof'. Only if: Assume that  w has length k. Suppose that  (l(~,P))j = 1. 

Then there are A-words a, b E 8-1(w), ending at i and j respectively, such that 
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a , ,  b8 E P.  Therefore  r  = r  definition o f / ) .  Since 3 '(r  --- ~/(r 

and ~ is right resolving, it follows tha t  r  r  = r  r Since a 

ends at  i and b ends at  j ,  we have r = q'(r = T(r = r  

If: Suppose tha t  r  = r  Since (l(~~ = 1, there is an A-word a �9 

O- l (w)  ending at  i wi th  a ,  �9 P.  So r  is a B-word  ending at  r  Since 

r  = g~(j) and r is left resolving, there is an A-word c �9 r 1 6 2  ending 

at  j .  Since r  = r we have a~, c,  �9 P ,  by definition of 79. Since 

O(c) = 7(r  = "y(r = w, we have (l(~,P))j = 1. 

De~nition 4.2: The  vectors  l (w,P) and l (v,P) are d i s j o i n t  if the set of coordinates  

i such tha t  (/(~~ = 1 is disjoint from the set of coordinates  j such tha t  

( t (~ ,P))~  = 1. 

LEMMA 4.3: Let  w and v be S-words beginning with m.  Then either l (w,P) = 

l (v,p) or l (w,P) and l (v,P) are  disjoint. 

Proof: Suppose t ha t  l (w,P) and l (v'p) are not disjoint. Then  there  is a coordinate  

i such tha t  (l(w,P))i = 1 = (l(v,P))i. Then  by L e m m a  4.1, for any other  j �9 SA, 

we have (l(w'P))j = 1 if and only if r  = r  if and only if ( / ( ' ,P)) j  = 1. 

Since 1 (w'P) and t (v'P) have non-zero components  in exact ly  the same coordinates ,  

we have l (w,p) = l (v'P). I 

LEMMA 4.4: Let  0: EA --* S be a finite-to-one one-block factor map, /)  a con- 

gruence parti t ion and P E 79. Assume that  for a11 S-words w and v beginning 

with m,  ei ther  l(w,P) = l(v,p), or l (w'P) and l(v,P) are  disjoint. Then there is a 

left resolving factor m a p  p: EA ~ ER(0,~) such tha t  7r~(o,7~)p = O. 

Proof: We first define p on s ta tes  of ~A as follows. If  i E SA,  choose an S- 

word w beginning with  m such tha t  (l(w,P))i = 1. Define /~: SA ~ Sr(o,~) 

by ~(i) = l (~'P). To see t ha t  ~ is well-defined, note  t ha t  if v is ano ther  word 

beginning with m and (l(v'P))i -- 1, then l(w,P) = l(v,P), since we are assuming 

tha t  if l (w'P) and l (v,P) are not disjoint then  they are equal. If  e is an edge from 

i to j labelled a, we define p(e) = f ,  where f is the unique edge in G(R(O, 79)) 

f rom l (w'P) to l (wa'P) labelled a. To see t ha t  p is a factor map,  observe t ha t  since 

(l(w,P))i = 1 and e is an edge from i to j labelled a, we have (l(wa'P))j = 1, 

and so P(J) = l (~ 'P ) .  Therefore  p(e) is an edge from/5(i)  to /~( j ) ,  and it follows 

tha t  p is a factor  map.  Clearly r~(0,~)p = 0, since p preserves the labelling of 

edges. 
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We next show tha t  p is left resolving. Suppose tha t  p(ei)  = p(e2), where 

"/'(el) -- T(e2) = j .  Assume tha t  t(el)  -- il and t(e2) -- i2. Since jS(ii) = /~(i2), 

there is an S-word w, beginning with m, such tha t  (l(w'P))il = 1 = (l(w'P))i 2. 

Therefore, there are A-words a, b E 0 - i ( w ) ,  ending at il and i2, respectively, 

such tha t  a~, b~ E P .  Note tha t  0(el)  = 0(e2), since 0 = 7r~(o,v) p. Since EA 

is transitive, there is an A-word g such tha t  eiga is allowed (and therefore e2ga 

is allowed, since r ( e i )  = r(e2) = j ) .  Let 0(ely)  = O(e2g) = u. Then  aelga 

and be2ga are bo th  in O- i (wuw) ,  and so by Lemma 2.3, a~ = b,. Now it follows 

from [KMT, Theorem 2.1] tha t  ei = e2, since otherwise 0 would have a diamond.  

Therefore p is left resolving. | 

I t  follows from Lemmas  4.3 and 4.4 tha t  if 0 = 7r where r is left resolving 

and 7 is right resolving, then there is a map p as in Lemma 4.4. 

LEMMA 4.5: Let  ~A and ~B be irreducible shifts of  finite type, S a sofic shift, 

and suppose that  r EA --+ EB is a left resolving factor map,  7: ~'B --+ S is a 

right resolving factor map,  and that  0 -- 7r Let  P be the parti t ion induced 

by 7r  and let p be the map  defined in L e m m a  4.4. For el, e2 E s we have 

r = r i f  and only i fp(ex)  -- p(e2). 

Proo~ Suppose tha t  r  = r Then  0(el) = 0(e2), since 0 = 7r Let 

t (el)  = il  and t(e2) = i2. Choose S-words w and v, beginning with m, such tha t  

(l(w,P))i 1 = 1 and (l(v'P))i~ = 1. Since r  = r we have (l(~,P))i 2 = 1 

by Lemma 4.1. Therefore l (w,P) and l (v'p) are not disjoint, so they are equal, 

by Lemma 4.3. Therefore ;~(ii) = ~3(i2) and so t (p(ei))  = t(p(e2)). Since 

7rr(o,p)(p(el)) = 8(el) = 0(e2) = rr(o,p)(p(e2)), we have p(el)  = p(e2), since 

7r~(o,v) is right resolving. 

Conversely, suppose tha t  p(ei) = p(e2). Then  8(el) = 8(e2), since 0 = 

~r~(o,p)p, by Lemma 4.4. If  ~(el) = il and t(e2) = i2 and w and v are S- 

words, beginning with m, such tha t  (l(w,P))i 1 = 1 and (l(v,P))i 2 = 1, then 

l (~'P) = ~(il) = ~(i2) = I (v'P). Therefore (l(~,P))i 2 = 1 and so r  = r 

by Lemma 4.1. So ~(r = ~(r Since 7 ( r  = 8(el) = 8(e2) = 

7(r we have r = r since 7 is right resolving. | 

LEMMA 4.6: Let  EA and EB be irreducible shifts of  finite type, S a sofic shift, 

r s  --+ EB a left resolving factor map  and 7: ~B --+ S a right resolving 

factor map, such that  0 = 7r Let  P be the parti t ion induced by 7r Then 
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there is a graph isomorphism A: G( B)  ~ G( R(O, 50)), which defines a conjugacy 

A: Eo ---* ER(o,~,), such that the following diagram commutes. 

~A 

En a . En(o,p) 

S 

Proof." We define a graph isomorphism A: G(B)  --* G(R(O, 50)) as follows. Let 

f E gB and choose e �9 r  Define A(f )  = p(e). That A is well-defined 

follows from Lemma 4.5. If f l f 2  is an allowed B-word, choose eye2 �9 r  

Then A ( f l f 2 )  = p(ele2), which is an allowed R(0,50)- word, and so A defines 

a graph homomorphism. That A is an isomorphism follows immediately from 

Lemma 4.5. The commutativity of the diagram follows from the definition of A 

and the fact that 7r = ~r,-(o,p)P. | 

THEOREM 4.7: Let 8: ~A --+ S be a finite-to-one factor map from an irreducible 

shift of  finite type onto a sofic shift, and suppose that there is a shift of  finite type 

E ~ , a left closing factor map r ~ A --+ ~" B and right closing factor map 3": E B --* S 

such that "re = O. Let [P] be the partition induced by 3'r Then the factor map 

3": ~..B --* S is conjugate to the right closing cover, rr(o,p): Ea(o,p) --* S, induced 

by [p]. 

Proof." Recode r to a left resolving factor map r ZA --* ~B, and 3' to a right 

resolving factor map ~: E 9 ---* S (see [K] or [BKM, Prop. 1]) Let 0 = ~r and let 

~5 be the partition induced by ~r By definition, 7 5 is in the equivalence class [P]. 

By Lemma 4.6, ~ is conjugate to 7rr(~,r En(&P) ~ S, which is, by definition, in 

the conjugacy class of the right closing cover induced by [P]. II 

If we assume that  r is right closing and 7 is left closing, then we can con- 

clude that "r is conjugate to the left closing cover 7rt(0,~,). It is clear that  for 

any decomposition 3'r as in Theorem 4.7, there exists a left closing factor map 

p: EA ~ En(0,P) such that 0 = 7rr(o,7~)p and 3'r is conjugate to 7r~(o,~,)p. If 

e: ZB ~ ER(0,p) is a conjugacy such that 7r~(0,~,)e = 3', simply let p = er 
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THEOREM 4.8: Let O: EA --* S be a finite-to-one factor map from an irreducible 

shift of finite type onto a sofic shift. Suppose that there are two decompositions 

of 0, 

r EA --' EB1,71: EB~ ""4 S and r EA --~ EBb,72:EB2 --* S, 

where EBt and ~'~'B2 a r e  shifts of finite type, ~)1 and r are left closing and 7~ 

and 72 are right closing. Then 71~1 and 72r induce equivalent partitions if  and 

only i f  71r and 72r are conjugate decompositions. 

Proof." The "if" direction follows from Proposition 2.14. To prove the converse, 

suppose that 71r and 72r induce equivalent partitions. By a theorem due to 

S. Kitchens (see [K] or [BKM, Prop. 1]), there exists a decomposition r EA~ --~ 

E91, 71: Eg~ ~ S which is conjugate to 71r and a decomposition r -"+ 

E92, 72:E92 --* S which is conjugate to 72r such that (~1 and r are left 

resolving and 71 and 72 are right resolving. Let 01 = 71(~1 and 02 = 72r 

Let m be a magic word for 0t and 82, with magic coordinate m~. Let Pl  be 

the partition of S(01, m) induced by 71(~1 and P2 be the partition of S(02,m) 

induced by ~2r By assumption, P~ and P2 are equivalent partitions. 

Now, by Lemma 4.6, 71(~1 is conjugate to the decomposition Pl: EA~ -* 

En(o~,p~), 7r~(o~,p~): ER(o~,p~) ~ S and ~'2r is conjugate to the decomposition 

P2:~A2 ~ ~']R(02,~O2), ~r(02(P2): ~R(02,7:~2) ""4 S,  where pt and P2 are the factor 

maps defined in Lemma 4.4. It suffices to show that the ~r~(01,pl)pl and r~(o~,p~)p2 

are conjugate decompositions. Since Pl  and P2 are equivalent partitions, there 

exists a shift of finite type EA and one-block conjugacies 3~: EA ~ ~A1 and 

~2: ~ -"+ ~A~ such that 81,/~ 1 : (~2/~2 : 0, and an extension rh of m which is 

magic for 0, such that A ~ ( P t )  = A~)(P2) = 75. To simplify notation, let us 

denote rh by m. 

Le t /5  �9 75 and let P1 = A~x(/5) and P2 = A~(/5). Let 

V~I: Y~JR(0(P) ~ ER(01,'Pl) and v~2: ER(0,p) ~ ER(o~,-p2 ) 

be the factor maps defined in Lemma 3.7. By Proposition 3.8, V~l and v~2 are 

conjugacies. By Lemma 3.7, 7rr(0~,p~)v I = Ir~(0,p) = r~(e2,p~)v2. To simplify 

notation, let us write 

Vl = vZl, v2 = vZ~, r l  = ~r~(01,;1), r2 = r~(e2,~,2) and # = rr(0,p). 
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CLAIM 1: The following diagram commutes.  

EA1 )-]~ A2 

~n(O,~) I p2 

)-~R(O1,791) )-~ R(02,P2 ) 

S 

Since fl2fl~ -1 and V2Vl 1 are conjugacies, the theorem will follow once we have 

established Claim 1. Since 7flY1 : r2v2, by the previous remarks, it suffices to 

prove that v11plf11 -1 = v2 p2f12. We will show that this equality follows from 

CLAIM 2: For any .4-word b there is an R(O,75) - word f such that plj31(b) = 

v l ( f )  and P2~2(b) -- v 2 ( f ) .  

To see that the equality v11ptDl -1 -: v2 P2~2 follows from Claim 2, let x E E~ 

and let b = x i - n . . . x i + n  be a word appearing in x. If f = f i - n . . . f i + n  is 

the corresponding R(0, ~)-word from Claim 2, then since PlDl(Xi . . . . .  xi+n) = 

v l ( f i - , . . ,  f i+n) and Vl is a conjugacy, it follows that for sufficiently large n, 

we must have [v~lPl~l(X)]i = fi .  Similarly, [v21p2~2(x)]i = fi .  Since i is 

arbitrary, we have v~- lpl ~1 (x) = v f  1P2~2 (X). 

We now prove Claim 2, which will complete the proof of the theorem. Let b be 

a fi~-word and let 0(b) = z. Choose a E 0-1(m) such that a8 e /5. Since ~fi is 

irreducible, there exists an .4-word u such that aub is allowed. Let O(au) = w, 

so that  w is an S-word beginning with m. Clearly, O(aub) = w z  is allowed. Let 

l ( ~ ' p )  labelled z. Similarly, f be the unique path in G(R(O, P ) )  from/(~'P) to _~ 

let g be the unique path in G(R(OI ,P l ) )  from l(~'P~)o~ to l ~  ~'p~) labelled z, and 

let h be the unique path in G(R(02,  7)2)) from l (~'p2) to l~: ~'p~) labelled z. By 02 
definition of vl and v2, we have v l ( f )  = g and v2(f) = h. We will show that 

p i l l ( b )  = g and P2~2(b) = h. First, we prove a 

SUBCLAIM: ~(pl~l(b)) = l (~'P~) = t(g). 01 

To see the subclaim, let L(b) = j and ~l(J) = k. Since au ends at j ,  it follows 

that  Bl(au)  = c ends at k. Since c E O~l(w) and c8 E P1 = A ~ ( P ) ,  we have 

(l(W'P~))k = 1. Therefore ~l(k)  = l (~'P~) 0, 0~ , by definition of Pl (see Lemma 4.4). 



Vol. 91, 1995 F I N I T E - T O - O N E  F A C T O R  M A P S  149 

= = = l (~'P~) - L(g), which proves the So we have  (plZl(b))  131(j)  l(k) - 

subclaim. 

Now, by the subclaim, p131(b) and g are both in ( r l ) - l ( z )  and both begin at 

l (~'P1) Since 7rl is right resolving, by Lemma 3.7, it follows that P131(b) g. A 

similar argument shows that p2~32(b)= h, which proves claim 2. This establishes 

the theorem. | 

The theorem is also true if r and r are right closing and 71 and 72 are left 

closing. The proof is similar, and uses induced left closing covers. 

COROLLARY 4.9: Let O: ~ A  "-+ S be a finite-to-one factor map from an irre- 

ducible shift of finite type onto a sofic shift. Then there exist finitely many 

(possibly zero) conjugacy classes of decompositions of 0 into a left closing map 

r EA -* ZB followed by a right closing map 7: EB ~ S (where ~B is a shift of 

finite type). I f  deg(~) = 1, then any two decompositions of O into a left closing 

map onto a shift of finite type followed by a right closing map are conjugate. 

Proof: By Theorem 4.8, if two such decompositions induce equivalent partitions, 

then they are conjugate. It follows that the number of conjugacy classes of 

decompositions is at most the number of equivalence classes of 6-congruence 

partitions, which is finite, by Lemma 2.13 and the remarks following it. The 

proof of the last statement follows by observing that if deg(O) = i, then since 

#S(0 ,  m) = 1, there is only one partit ion of S(0,m),  and therefore just one 

equivalence class. | 

The corollary is also true if we assume that  r is right closing and 7 is left 

closing. 

It is possible that  a much stronger statement than Corollary 4.9 is true. In 

fact, it may be the case that there are only finitely many conjugacy classes of 

decompositions of 8 into a finite number of factor maps )-~A --+ ~B1  - 4  . . .  ~ B ~  --+ 

S, where the intermediate shifts are of finite type, with no assumption that the 

maps are closing. An answer to this question, or even in the special case in which 

0 is closing, would be of some interest. 

The following is an obvious consequence of Theorem 4.7 and the remarks fol- 

lowing it. 

COROLLARY 4.10: Let ~: ~A -'+ S be a finite-to-one factor map from an irre- 

ducible shih of finite type onto a sofic shift. Then there is a shift of finite type EB, 
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a left dosing factor map r ~A ~ EB and right closing factor map "r: EB -~ S 

such that ~[r = 0 i f  and only i f  there is a O-congruence partition [P] and a left 

closing factor map p: EA --+ ER(e,P) such that rr(o,~)p = 0 (where lr~(o,p) is the 

right dosing cover induced by [7;']). 

5. A decision procedure 

In this section we show that if 9: ~A -* S is a finite-to-one factor map, there is 

a finite procedure for finding all decompositions 0 = ~/r where 7 is left closing 

and r is right closing, up to conjugacy. By this, we mean that  we can write down 

a finite list of decompositions such that  any decomposition of 9 into a left closing 

map (onto a shift of finite type) followed by a right closing map is conjugate to 

one in the list. In the process, we show that given any factor map 9: ~A ~ S, 

not necessarily finite-to-one, and a finite-to-one factor map 7: EB ~ S, there is 

a finite procedure for finding all continuous, shift-commuting maps r ~A --* ~B 

(not necessarily surjective) such that "~r = 9. 

We recall the definition of the fibered product [AKM, p. 487]. If 0: ~A --* S 

and 7: EB ~ S are factor maps, the f i be r ed  p r o d u c t  of 0 and 7 is the shift of 

finite type ~F = {(x,y)  e ~A X ~B: 9(X) ---- "/(y)}. If 0 and 7 are one-block 

maps, then ~F is a one-step shift of finite type on the alphabet s = {(al, a2) E 
I I EA • s 0(al) = 7(a2)}, with transitions (al,a2) ~ (al ,a2)  if and only if 

al --* a t and a2 --* a S. There are projections r ~F ~ ~A and r ~ f  ~ EB 

defined by r  = x and r  = y. It is not hard to see that  if 7 is 

finite-to-one, then so is r 

PROPOSITION 5.1: Let 9: ~ A  ~ S and 7: EB --* S be factor maps, where 7 is 

finite-to-one. Let r EA --* ~B be continuous, shift-commuting map such that 

"re = O. Then there exists an irreducible component Ec  of EF, the fibered 

product of 0 and 7, such that the restriction of r to Ec is a conjugacy and 

(~ = ~)2(r  - 1 .  

Proof'. Let ~C ---- {(X, •(X)): X E ~A}- Clearly, E c  is a subshift of ~F and 

r E c  ~ EA is a conjugacy. We claim that  E c  is an irreducible component 

of ~F- To see this, let ~c ,  be the irreducible component of ~ F  containing 

Ec .  Now r is finite-to-one, since 7 is, and so by [CP2, Corollary 4.4] we have 

h(Ec , )  = h(EA). Clearly, h(EA) = h(Ec) ,  and so h(Ec, )  = h(Ec) .  It now 
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follows from [CP1, Theorem 3.3] that  Ec  -- ~'c,, which proves the claim. It is 

clear that r = r162 -1. | 

Remarks 5.2: (i) It is well-known that  there is a finite procedure for deciding 

whether a given factor map f :  ~ c  --+ ~A between irreducible shifts of finite 

type is a conjugacy. To see this, assume that  f has been recoded to a one-block 

map. By the proof of [KMT, Lemma 3.1], a one-block map f is a conjugacy if 

and only if it does not identify two distinct periodic points of period less than 

(# s  2 + N + 1, where N is the least positive integer such that  for any i , j  E $c ,  

there is a path from i to j of length N (which exists since Ec  is irreducible). 

Clearly this condition can be checked by a finite number of computations. 

(ii) There is also a finite procedure for deciding whether a factor map f :  EA 

~B is right (or left) closing (see the proof of [K] or [BKM, Prop. 1]). 

COROLLARY 5.3: There is a finite procedure for determining all continuous, shift- 

commuting maps r as in Proposition 5.1. Furthermore, there is a finite procedure 

for determining all such right (or left) dosing maps r 

Proof: We may assume that  0 and "y are one-block maps. Then we can construct 

~F as a one-step shift of finite type, which has finitely many components. For 

each such component ~c ,  there is a finite procedure for deciding whether r 

is a conjugacy, by Remark 5.2 (i). The last statement follows from Remark 5.2 

(ii). 

We can now combine this result with Theorem 4.7, to obtain the following 

result. 

THEOREM 5.4: Let 0: ~A --* S be a finite-to-one factor map from an irreducible 

shift of finite type onto a sofic shift. Then there is a finite procedure for deter- 

mining all possible decompositions r EA ~ ~B, "Y: ~B -'* S, where ~ s  is a shift 

of finite type, r is left closing, "y is right dosing, and "yr = O, up to conjugacy. 

Proof: We may assume that  0 is a one-block map. Let C denote the collection of 

all right closing covers of the form ~rr(0,p), where 7 ) is a 0-congruence partition, 

and note that  there is a finite procedure for constructing these. For each of these 

covers, there is a finite procedure for listing all left closing maps p: ~A ~ ~'R(0,~) 

such that  ~rr(o,p)p = O, by Corollary 5.3. (Since 0 is finite-to-one, it follows from 

[CP2, Corollary 4.4] and [CP1, Theorem 3.3] that  any such map p must actually 
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be surjective.) Let 19 denote the finite collection of all decompositions of 0 which 

arise this way. By Theorem 4.7 and the remarks following, each decomposition of 

0 = 7r into a left closing map followed by a right closing map is conjugate to a 

decomposition p: EA --* ER(0,p), rr(e,~): ER(0,~) --* S, where p is left closing and 

[P] is the congruence partition induced by 7r By Lemma 2.13 and Corollary 

3.9, the cover rr(o,~,) is conjugate to one of the covers in C. It follows that the 

decomposition 7r is conjugate to one of the decompositions in :D, and the result 

follows. I 

It can similarly be shown that there is a finite procedure for finding all such 

decompositions where r is right closing and 7 is left closing. 

6. M o r e  on  t h e  g r a p h s  G(R(O, 7))) 

In this section we show that for a given factor map 0: Y]A -"* S, the graphs 

G(R(O, 7))) and G(L(O, 7))) are independent of the choice of P e 7). As usual, 

we give the statements and proofs for G(R(0,7))), those for G(L(0,7))) being 

similar. 

First, we alter our notation slightly. For given choices of magic word m, with 

magic coordinate ms, a congruence partition 7) of S(O, m) and P E 7), we will 

denote the g r a ph  G(R(0,7))) by G(R(m,P) ) .  If w = mv is a magic word 

beginning with m, we will write l (w'P) = l (my 'P) .  

LEMMA 6.1: IfT) is a congruence partition for m, and P, P~ E 7), then there is 

an S-word u such that mum is allowed and Fmum(P) = P~- 

Proof." Choose a E P and a '  E P ' .  Choose an A-word a E 0-1(m), with 

as = a, and an A-word c E 9-1(m) with cs = a~. Since A is irreducible, there 

is an A-word b such that abc is allowed. Let O(b) = u. Then mum is allowed 

and abc E 0-1(mum),  so that Fm~m(a) = a ~. Since 7) is a congruence partition, 

we must have Fmum(P) = P'. I 

LEMMA 6.2: Let u be a word such that mum is allowed. Let 7 ) be a congruence 

partition for m, P E 7) and let P' = Fm~,m(P). Then for any S-word w E Jr(m), 
l (mw,P ' )  --__ l (mumw,P) .  

Proof'. Assume that  m has length k. If (l(mw'P'))i = 1, then there is an A- 

word ab E O-l(mw),  ending at i, such that as E P~. Since Fm~m is a bijection 
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P --+ P', there is an A-word cd~ E O-l(mum) such that ct E P and as -- as. 

Then the allowed A-word Cd~l...~8_las...akb E O-1(mumw) ends at i, so 

(l(mumw'P)){ = I. Conversely, if (l(mumw'P))i -- I, then there is an A word 

cdab E O-1(mumw), ending at i, such that ct E P. Since Fm~m(P) -- P' ,  we 

have a8 E P ' ,  and so (/(mw,P'))i = 1. I 

PROPOSITION 6.3: Let P be a congruence partition. I f  P, P' E 7 a, then the 

labelled graphs G( R(m, P) ) and a(  R(m, P') ) are equal. 

Proof: By Lemma 6.1, there is an S-word u such that  Fm,,m(P) = P ' .  Lemma 

6.2 shows that  any state of G(R(m, P')) is a state of G(R(m, P)). To see the 

reverse inclusion, by Lemma 2.6 we can choose an S-word fi such that  mftm is 

allowed and Fm~m = -1 Fm~ m. Then Fm~,n(P') = P,  and for any word w E 

9r(m), 1 (row'p) = 1 (mumw'P'), by Lemma 6.2. So the states of G(R(m, P')) 

and G(R(m, P)) are equal, and the map which takes l (mw,p') --+ l (mumw'P) is 

the identity on states. Note that  jr(mw) = . f (mumw),  since m is magic (see 

[W, Lemma 2.5]). Since there is a unique edge in G(R(m, P')) from l (m~~ to 

l (mwa,P') labelled a if and only if there is a unique edge edge in G(R(m, P)) from 

l (mumw'P) to 1 (mumwa'p) labelled a, the two labelled graphs are identical. I 

It  follows from Proposition 6.3 that  the right closing cover ~r~(o,~): ~R(o,p) --~ S 

induced by P is independent of the choice of P E P.  This is so because 7r~(0,~ ) 

is defined by the labelling of edges of G(R(O, P)) ,  which does not depend on P,  

by the previous lemma. 

We next show that  the graphs G(R(O, P))  and G(L(O, ~o)) are not changed if 

they are defined by an extension rh of m. 

PROPOSITION 6.4: Let P be a congruence partition of S(O, m), P E P, and let 

fit be an extension of m. Then P is a congruence partition of S(O, fn) and the 

labelled graphs G( R( ~ ,  P ) ) and G( R(m, P ) ) are equal. 

Proof: Write ,h = umv. It  is easy to see from Definition 2.4 that  for any 

S-word w such that  rhwTh is allowed, F , ~ , ~  = F~m.~o~mv = F m v ~ m ,  since 

the beginning u and the ending v have no effect on the definition of F,,m~o~,~.. 

Therefore r ~ w ~ ( P )  = r m ~ m ( P )  = P ,  since P is a congruence parti t ion for m, 

so P is a congruence parti t ion for rh and for my. 

To see that  G(R(fn, P)) = G(R(m, P)), observe that  for any word w E ~'(rh), 

we have l ('~w'P) = l (umvw'P) -- l (rouT,p), since the beginning u has no effect 
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on the definition of l (~mvw'P). It  follows that  G(R(fn, P)) = G(R(mv,  P)). 

Now, choose an S-word n such that  mvnm is allowed. Let Fm.nr~(P) = P ' .  

For any w E 9r(m), we have l (mvnmw'P) : I (mw'p') by Lemma 6.2. By an 

argument similar to the proof of Proposition 6.3, it follows that  G(R(mv,  P)) = 

G(R(m, P')). Since G(R(m, P')) = G(R(m, P)), by Proposition 6.3, we have 

G(R(rh, P)) = G(R(m, P)). | 

It  can be shown that  a different choice of magic word m '  generates the same 

collection of graphs G( R(m',  P) ) and G( L(m',  P) ). 

Finally, we show that  the shifts of finite type ER(0,p) are irreducible. 

PROPOSITION 6.5: If  P is a O-congruence partition, then the shifts of finite type 

ER(0,p) and EL(O,p) are irreducible. 

Proofi Let P E P and let l (m~~ and 1 (m''P) be states of G(R(O, P)).  Since S is 

irreducible, there is a word u such that  mvum is allowed. By Lemma 2.6, there 

is a word u ~ such that  mvumu~m is allowed and F,~.u,~,m is the identity on 

S(m,O). Then F,~,,m~,,~(P) = P.  Write umu~mw = a m . . . a t .  By Lemma 6.2, 

l(mw,p) : l(rnval ...... P). Therefore l (my,P), l(mval'P), .." , l (royal ...... P) is a pa th  

in G( R(O, 79)) from l (my'P) to l (row,P). Since l (row,P) and l (my,p} are arbitrary, we 

have shown that  ~R(O,P) is irreducible. A similar argument shows that  En(o,p) 

is irreducible. 1 
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